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1 Introduction

Theoretical Black-Scholes prices can differ from market prices substantially if the derivative has
1. kinks
2. jumps
3. barries

because of the hedging difficulties created by their large delta and gamma values. We consider barrier
options as a typical example of first-generation exotics. One problem for practitioners is to quantify the
price of difficult hedging systematically. Adjusting the volatility is inconsistent since option values are not
guaranteed to be montone in the volatility.

1.1 Digital options
1.1.1 payoff

v(T) = I{ps;>¢K} cash-or-nothing, (1)
w(T) = Srligs;>¢K} asset-or-nothing. (2)

In the cash-or-nothing case the payment of the fixed amount is in domestic currency, whereas in the asset-
or-nothing case the payment is in foreign currency. We use the abbreviations

1.1.2 valuation in the Black-Scholes model

F 2 E[Sp|S; = z] = e~ "7 (forward price of the underlying) , (3)
In & +o0i7 B 111% + %27'

o\T ovT

In & —obi7
o7

and obtain for the value functions

dp =

dy =

U($,K7T,t,0'7’l“d,7"f,¢) = e_rdTN(d)d*)a (6)
UJ(CC7K7T,t,J,7"d,Tf,¢) :xeirfTN(¢d+)‘ (7)
1.1.3 Greeks
(Spot) Delta
ov g n(do)

Q0 — e ™) | i pr(ga) (9

Oz o\T

Gamma
0% g n(do)dy
92 —9e x20%T (10)
2
Pw _¢67Tf7n(d+)d, (11)

0z2 ro2T
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Theta
0 d_)d_
ai; — eraT (rdN(¢d)+ ¢”(2T) )
ow e n(dy)d.
5 = e s <T'f./\/(¢d+)+¢ (21) +>
Vega
0 oy d
oo = e n(d)t
0 gt
Volga
0% _oon(do)
@ = —¢€ d T(d_di_ — d_ — d_;,_)
0w _pen(d
w — —¢1‘6 ! (0—;_) (d+d2_ — d_;,_ — d_)
Rho
0 d_
572 = e <—7N(¢d)+¢ﬁ:( ))
W e (VTR
an (o
ow o (oVTa(dy)
8?"d g
aiw — _l,e—TfT <7—N(¢d+) + ¢\/Fn(d+))
ory o
Dual Delta
o eon(d)
oK Kov/T
ow  _ neonld-)
0K o\ T
Dual Gamma
0%v n(d_)
_ i _
K2 pe KZO'QT(U\[ d-)
0w n(d_)d_
- _ —rqT
0K? ge Ko?r
Dual Theta
ov

(14)

(15)

(16)

(17)

(22)

(23)

(26)
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1.1.4 Foreign-domestic symmetry

One can directly verify the relationship

(e, KTt 6 =wlr, . Tt 9 (21)

—u\x, y L1, 0,Td, T, =wW\— 74,4, 0,7, Td, — .

T o Td: TS z K o Td
The reason is that the value of an option can be computed both in a domestic as well as in a foreign scenario.
We consider the example of S; modeling the exchange rate of EUR/USD. In New York, the cash-or-nothing
digital call option costs v(x, K, T,t,0, rysd; Teur, 1) USD and hence v(x, K, T,t,0,Tysd, Teur, 1)/x EUR. If it
ends in the money, the holder receives 1 USD. For a Frankfurt-based holder of the same option, receiving
one USD means receiving asset-or-nothing, where he uses reciprocal values for spot and strike and for him

domestic currency is the one that’s foreign to the New Yorker and vice versa. Since Sy and S% have the same
volatility, the New York value and the Frankfurt value must agree, which leads to (27).

1.1.5 Relationship between cash, asset and vanilla

The simple equation of payoffs
$(w(T) = Kv(T)) = [¢(ST — K)|* (28)

leads to the formula

vanilla(z, K,T,t,0,rq,7¢,¢)
= gb[w(x,K,T,t,a,rd,rf,d)) *KU(.T,K,T,t,O’,Td,Tf,(ZS)}. (29)

1.1.6 Static hedge using vertical spreads

The mathematical derivative of the positive part function

Tgs,zorcy =l o (051 — (K = 6)* = (9(S1 — (K + 90)"] (30)

leads to an approximate static hedge (and hence price)
IU(:I:’ K? T7 t’ O—’ rd7Tf7¢) ~ (31)
— [vanilla(z, K — ¢¢, T, t, 0,174,775, ¢) — vanilla(z, K + ¢e, T, t,0,74,77, ¢)]
€
for small € > 0. In practice, arbitrarily small € corresponds to arbitrarily large nominal amounts of the vanilla
options and can thus not be chosen arbitrarily small. Furthermore, there will be different volatilities for the

bid and ask price of the vanilla options, which lead to a more realistic pricing for digital options using this
approximation.

Greeks in the static hedge Static hedges normally perform well hedging the actual model variable risk
like delta, gamma and theta. In this static hedge even the model parameter uncertainty vega is hedged. The
hedge vega is given by

n(dy =) — n(d¥T)
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Replacing the difference quotient by its derivative at K we obtain

n(d5 =) — n(d5T)

T 34
Ve 5 (34)
—rT -1
~ pyTre '"(d+)d+m (35)
d
= —ge Tn(d_)—, (36)
o
which is the vega of the digital option.
1.2 One-touch options
1.2.1 payoff
Rltrp <1y, (37)
T £ inf{t > 0:nS; < nB}. (38)

This type of option pays a domestic cash amount R if a barrier B is hit any time before expiry. We use
the binary variable 1 to describe whether B is a lower barrier (n = 1) or an upper barrier (n = —1). The
stopping time 7 is called the first hitting time.
1.2.2 other names

e rebate portion of a knock-out barrier option

e American cash-or-nothing digital option

e one-touch-digital

e hit options

1.2.3 rebates for knock-in options

The modified payoff RI¢;,>7r} describes a rebate which is paid if a knock-in-option has not knocked in by
the time it expires and can be valued similarly simply by exploiting the identity

Rlgrp<ry + Rlzp>my = R (39)

1.2.4 payment date

We will further distinguish whether the rebate is paid at hit (w = 0) or at end (w = 1) and use the
abbreviations

I 2 /02 +2(1 —w)ry, (40)
+log & —ocd_71
£ =B ~"° 41
€4 O’\ﬁ ( )
1.2.5 Pricing
The value of the one-touch option turns out to be
0_+9_ 6_ —9_
—wrqT B 7 B 7

v(t,x) = Re " <x> N(—nes) + <x) N(ne-)| . (42)

Note that ¥_ = |6_| for rebates paid at end (w = 1).
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1.2.6 Greeks

Delta
Re—wraT B o0

vty = - F {($ (6 + 0N (=res) + Tn(es)]|

+ <f) ’ {(9 -9 )N(ne_) + \nfn(e)] }
Theta

R Cwrar B 6_+v_ B 6_ —9_
v(t,x) = wrqu(t,x) + % <x) n(es)e_ — <x) n(e_)e_,_]
R —wrqT B S B
= wrqu(t,z) + % (x) n(ey)log (m) .

The computation exploits the identities (61), (62) and (63) derived below.

Gamma Gamma can be obtained using vy, = =2z [rqv — v, — (ra — rg)av,) and turns out to be

2Re—w'f‘d7'

Ve (t,2) = oy

xT

6_ —9

T
6_+0_

{ (B) =2 N(—nex) [m(l )+ (ra )

+Cﬁ i Nmaﬂmu—m+wwwﬂ

g

n®) ol

6_ —9

nf2) [z}

Vega To compute vega we use the identities

00_
Do
09_
9o
Bei
do
P AT,

~ 9o o

0_ —J_

9+19]

g

|

(44)

(45)
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and obtain

o))

)7 (@)

1.2.7 Knock-out probability

The risk-neutral probability of knocking out is given by
1
Plrg <T) =E [I{;,<1y] = Ee*d%(o, So).

1.2.8 Properties of the first hitting time 73
As derived, e.g., in [26], the first hitting time

FEinf{t >0:0t+W(t) =z}
of a Brownian motion with drift § and hit level x > 0 has the density

(v — 6t)?

P[7 € dt] = Lexp { 57

dt, t>0,
tv 27t }

the cumulative distribution function

- B Ot — x 20 (—Gt—x)
P[T<t]_N< \/i)—f'e N N , t>0,

the Laplace-transform
Ee %" = exp {x@ — x\/2a—|—92} , a>0, x>0,

and the property
. 1 if >0
P[T<°°]{ e if ) <0

For upper barriers B > Sy we can now rewrite the first passage time 75 as

75 = inf{t >0:5, =B}

= inf{tZO:Wt+0_tllog<B)}.
g SO

The density of 75 is hence

Lig (2 (L1og(2) —0 1
~ 0 0

(50)

(53)

(57)

(58)
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1.2.9 Derivation of the value function

10

Using the density (58) the value of the paid-at-end (w = 1) upper rebate (n = —1) option can be written as

o(T,S0) = Re "TE[Iir,<r]

ex
tV2mt P 2t

To evaluate this integral, we introduce the notation

=+ log % —of_t

e+(t) £ 0_\/%
and list the properties
- -ert) = 7o 1og(B)
wer®) = () ),
deslt) _ ex(t)
ot 2t

RerT /T Llog (£) (L10g (£) —0-1)°
(& - ~ 7
0

dt.

(59)

(61)

(62)

(63)

We evaluate the integral in (59) by rewriting the integrand in such a way that the coefficients of the expo-
nentials are the inner derivatives of the exponentials using properties (61),(62) and (63),

1 B 1 B _ 2
/OT 2 1:\?%0) o _(U log (S;t) 0_t) o

1 B\ [T 1

T
_ /0 Q—tn(e_(t))[e—(t) — e (t)] dt
T

26_

_ /O n(e_(t))egit) + (;)”n(e+(t))e—2f) dt

20

_ (;)”N<e+<T>>+N<—e_<T>>.

The computation for lower barriers (7 = 1) is similar.
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1.2.10 deviation of Market prices from the TV

EUR/USD 6 rronth upper one-touch options

3%
—— Heston

- Tracker's rue with 25% Delta
=k Tradker's rue with 10% Detta

2% A

1% -

0%

o 80%

-1%

value supplement
2

2%

3%

4%

theoretical value

Figure 1: Comparison of value adjustments of one-touch options in Heston’s model

1.3 Double no-touch options
1.3.1 payoff

I{Lgmin[owTG] Sy<maxg,r,] St <H}

1.3.2 incentive

Forward Plus contracts Expected low volatility will lead to profit for the client

1.3.3 Pricing
On [t, 7], the price of the option is
Tp _.Ta _
U(t) =" PR [6 e (Ta t)I{Lgmin[O,Tc] Sy<max[g 1, St<H} | »

on [1,Tyl,
Tp
Ty—ra(Tqg—t
’U(t) =e"t v ra(Ta )I{Lgmin[o,Te] Sy<maxg 1] St<H}+

To compute the expectation, let us introduce the stopping time

7 = min {inf {t € [0,7.]|S; = L or S; = H},T.}

11
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and the notation

e — 152

N (69)

~ 1. H

~ 1

[ 2 Elns% (71)
2 0T, —t (72)
L2 BT, —t (73)
TN e (74)

yn = 2n(h—1)—10 (75)
a ! _a

nr(x) = \/mexp( 2T>' (76)

The joint distribution of the maximum and the minimum of a Brownian motion can be taken from [23]
and is given by

h
P [l~ < min Wy < max W; < il] = / kr(x)dx (77)
[0.7] 0.7] i
with -
kr() = 3 [nT(x 2on(h — 1)) — np(x — 20 + 2n(h — 1)) . (78)
n=—oo

Hence the joint density of the maximum and the minimum of a Brownian motion with drift 6, Wf~ LW, +6t,
is given by

- 1~
ES.(2) = kr(z) exp {93: - 292T} . (79)
We obtain for the price of the option on [t, 7]
I PT, (Tq—1)
o(t) = e PTG Cming ) Se<maxqo.r, Se<H}

T
Tt pr_Td(Td—t)] -

= e . ; 57
{{<ming, 1, Wt9<maX[0,T€] wo<h}

5
Tp ~
= et TomralTa=t) /l k{p, _(x)dz (80)

T T
= ot T H(Ta—t)
oo

. Z {e_gna(h—l) {N+yn) —N(U+yn)}

n=—oo

_ e—2n9(h—l)+20h {N(h —2h + yn) _N(l —2h + yn)}:|

and on [, Ty]

Tp
Tp—ra(Ta—t
'U(t) =t r ra(Ta )I{Lgmin[o,Tc] Sy<maxg 1, St<H}+ (81)

1.4 Single Barrier Options

model
dS(t) = (rq —ry)S(t)dt + oS(t)dW(t), S(0) >0, (82)
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e The domestic interest rate rq € R,

the foreign interest rate or continuous dividend rate vy € R,

the volatility o > 0
e and the planning horizon 7" > 0

are assumed to be constant. The process (W (t);0 < ¢t < T) is a Brownian motion under a probability measure
IP which is risk-neutral, i.e., is chosen so that the stock has mean rate of return r4 — ry.

payoff For knock-out options we consider the payoff

[6(ST — K)| " I(ys,5nB.0<t<T}5 (83)
e ¢ takes the values +1 for a call and —1 for a put,

e 7 takes the values +1 if the barrier B is approached from above (down-and-out) and —1 if the barrier
is approached from below (up-and-out).

e The strike is denoted by K.
To price kick-in options paying
[6(ST — )] I{minfys,)<nB) (84)
we use the fact that

kick-in 4+ knock-out = vanilla. (85)

abbreviations
e ¢: running time (in years)

e 7= T —t: time to expiration (in years)

A TaTf 4 o
.ei_ o i2

o 1=00_
o n(t) £ et
A x
o N(z) = [T n(t)dt
e \=1+ %
o = %
o p=(u+o’)r
[ ] X = 710%5%%‘5‘17

_ log(Zo)+p
y= o/

log(£)+
°y1=70g§ffip
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2

¢ w= oVT
—1_ K
e z=1 5

o d=¢e "7

Y f — e TfT

log( %)+ma T

description via PDE We can describe a barrier option’s value function as a solution to a partial differential
equation setup. Let v(t, z) denote the value of the option at time ¢ when the underlying is at 2. Then v(¢, z)

is the solution of

1.4.1 wvalue

1
v+ (rg — ry)vg + 5022021)“ —rqv = 0,
tel0,T], nx > nb, (86)
o(T,z) = [p(x - K)|T,
nx > 1B, (87)
v(t,B) = 0, te[0,T]. (88)

Evaluating the integral produces four terms. We first provide the four terms and then explain how they are
used to find the value function. Note that always the last of the A; is valid, others are only for temporary

use.

Ay
Ay

Ay

62N (6X) — SKAN(H(X — o/7) (59)
6N (9m1) — SN (9(21 — oV/7) (90)
22-2 2
s(£) [xf (2) o) - Kannty - oﬁ»] o)
2A—-2 2
=36 [xf (3) ) - Kataton - aﬁ»]

5(2) ) —ons (2) nesov (92)
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option type 10} n | in/out | reverse combination
standard up-and-in call +1 ] -1 -1 K>B Ay
reverse up-and-in call +1 | -1 -1 K<B As — A3+ Ay
reverse up-and-in put —-1| -1 —1 K >1B Al — Ay + Ay
standard up-and-in put -1| -1 -1 K<B As
standard down-and-in call | +1 | +1 —1 K>B As
reverse down-and-in call +1 | +1 -1 K<B A — Ay + Ay
reverse down-and-in put -1 | +1 —1 K >B Ay — A3+ Ay
standard down-and-in put | —1 | +1 -1 K <B Ay
standard up-and-out call +1 ] -1 +1 K>B 0
reverse up-and-out call +1 | -1 +1 K<B| A —Ay+ A3 — Ay
reverse up-and-out put -1| -1 +1 K>B Ay — Ay
standard up-and-out put -1| -1 +1 K<B Ay — As
standard down-and-out call | +1 | +1 +1 K > B Al — As
reverse down-and-out call | +1 | +1 +1 K<B Ay — Ay
reverse down-and-out put -1 | +1 +1 K>B | Ay — Ay + A3 — Ay
standard down-and-out put | —1 | +1 +1 K<B 0
1.4.2 Greeks
delta
A = SN (6X)
Ay OfN (¢x1) + fr(z1)z/oVT

As

Ay

o2z \ z

() wom

X

2 (B)w [x f (f)2N<ny> ~ KN (n(y - oﬁ»]

o(2) [wf (Z) wm) ~ Kaxoos - aﬁ»]

15

(93)
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gamma

theta

Ay = f
= fr(z1)/(zov/T)(1 = z21/0V/T)
¢

As

Cs

B3
As

Cy

Ay

Ay

As

Ay

n(X)/(xoV/T) (94)

(B) w [xf (f) QN(ny) — KdN(n(y — aﬁ))}

2
Sei-o(3) wow

2 (s B) 4 0 B 1 [2AN () + un(y) /o V7]

B 222
< >
T

oo (2)" pwom —ont (2) niwiovs

o2x

2
of (2) M)~ KN ot - aﬁ))]

2L (Cafa— Ba) + 0F B a5 [2AN () + ) /o)

2\
sonfentn) (2) /ovReA - /ovF)

1

— 5o fn(X) V7 + N (6X)rs — SKAN(S(X — ov/D)ry (95)
— 5o (e K/(BVT) + G2 fN (1) s — pKAN (61 — ov/T)ra
—fnla1)zy/(27)

2\
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vega

Ay
Ao

Bs

As

By

Ay

rfn(X)VT (96)
rfn(z) (VT —112/0)

¢ <B>2A2 [xf <5>2N(ny) — KdN(n(y — o*\ﬁ))]

X

e L G
o(2) le (Z) wom) ~ seanont - aﬁ))] (")
Hog (f) (ra —7)Bs

+¢ (f)m z frn(y1) [(\f —y1/0)z + gxﬁ}

joint density for final time value and running extremum As derived, e.g., in [26], joint density
f(z,y) for a Brownian motion with drift and its running extremum (7 = +1 for a maximum and 7 = —1 for

a minimum)

(W(T) 0T, min [V (D) + etn) (98)
012722y — @) 2y —a)?
f(xay) - 77760 = T\/ﬁ exp{ 2T } ) (99)

ny < min(0, nz).

derivation of the value function Using the density (99) the value of a barrier option can be written as

the following integral

barrier(Sy, o, Tdarva’B’T) "
= ¢ TE [[9(Sr — K)) Tggs,sqposi<ry]

— efrdT /

T=—00

=—o00

/ [0(S0e™ = )™ Iy 1og £/ (2>y) dy da.
ny<min(0,nz) 7 0

Further details on how to evaluate this integral can be found in [26].

1.5 Double barrier options

payoff

(¢ (ST, — K))+ I{L<min[0,T6] Si<maxg 1, St<H}s (101)
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1.5.1 Pricing

The distribution of St, conditioned on not having reached the upper barrier H and the lower barrier L is

—IN2(To—t)+ 2 In 2Le

e 2 St X

“+oo 2
1 1 St H
= = [ c 4 9pIn 2

n;m«ﬁgﬁ leXp< 202(T, — 1) (n 5, T HL) )

L w2 oum : I
P\ —y \Msn s, ML {L<sT. <H}

(102)
with N (103
o 2
To price the option, let us introduce the stopping time
7 £ min {inf {t € [0,T.]|S; = L or S, = H},T.} (104)
The price of the option on [t, 7] is
v(t) = e e (TemDR! [(¢ (Sr—K)* It p<mingg 7,y Se<max 1 SS<H}] (105)
and on [, Ty]
v(t) =0. (106)

1.5.2 Difference to two barrier options

Two single barrier options with barriers L and H are not the same as one double barrier option with the
same barriers. In fact double barriers are cheaper.

2 Difficulties created by the characteristics of barrier options

Example: knock-out call

(S(T) - K)JrI{maxogtST S(t)<B} (107)
0<K<B (108)

This call “knocks out” in the money, which makes the implementation of the Black-Scholes hedging strategy
difficult because it has large delta and gamma values near the barrier near expiration. A trader who is
delta-hedging a short position in this option would take large short positions in the underlying asset and
make large adjustments to this position.

Related work
Cvitani¢ & Karatzas and El Karoui & Quenez. e Characterization of the upper hedging price, as a
minimization problem: Minimal initial wealth to super-replicate the payoff.
e Dual problem, which is one of maximization over changes of measure, and the equivalence of the

two problems was shown in [8] and [12].

Broadie, Cvitanié¢ & Soner [5] showed that for a contingent claim whose payoff at expiration is a function
of the final value of a single, geometric Brownian motion, the dual problem can be solved in two steps.
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up-and-out call option

value
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time to expiration E
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Figure 2: value of an up-and-out call option v(¢,z) given by (109) with strike K = 0.95, knock-out barrier
B = 1.05 and maturity 7" = 90/365. We used the interest rates rq = 5%, ry = 0% and volatility ¢ = 10%

1. computes the face-lift, of the payoff function (see (115) below).

2. One next prices the contingent claim whose payoff at the final time is the face-lifted version of the
original payoff. One does this using the usual risk-neutral pricing formula, i.e., without regard to
the portfolio constraint.

Schmock, Shreve and Wystup [27] extended this idea to the case of path-dependent options with a
lower bound on the hedging portfolio. They provide a reformulation of the dual problem of [8] and [12]
so that the solution can often be obtained by inspection.

Cvitanic, Pham, Touzi and Bouchard The role of upper hedging prices in the presence of stochastic
volatility and/or transaction costs in [3], [9], [10], [29].

Soner and Touzi Gamma constraints in [28].
Karatzas and Kou Lower hedging prices in [16]
Karatzas and Kou [17] perpetual American options using similar methodology

Follmer and Leukert Quantile Hedging: Since exact super-replication is in general too expensive, many
authors including [13] examine hedging strategies which succeed with high probability.
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up-and-out call option

delta

time to expiration 2
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Figure 3: delta of an up-and-out call option v, (¢, x) given by (109) with strike K = 0.95, knock-out barrier
B = 1.05 and maturity 7" = 90/365. We used the interest rates rq = 5%, ry = 0% and volatility ¢ = 10%

up-and-out call formula Let N denote the standard normal distribution function. Using formula (99),
the value v(t, z) of an up-and-out call option is for ¢ € [0,T) and = € (0, B]
v(t,z) =xe TN (b—04) — N(k—064)]
+ e TR0 N (D +04) — N(20 — k +0.)] (109)
—Ke T IN(b—0_) = N(k—0_)]
— Ke T IN(b+6_) — N'(2b — k +0_)],

Wherebég—\lﬁlogg,ké%ﬁlog%,rérd—rf and 01 = (£ £ §)\/T.

g

2.1 Infinite deltas and gammas
We have

v(t,B)=0for 0 <t <T.

e For 0 < z < B, ast 1 T, we obtain from (109) that v(¢,z) approaches the discontinuous limit
’U(T, x) = (II? — K)+I{z<B}-

Consequently, for = near B and ¢ near T, the “delta” v, (¢,z) and “gamma” v, (t,z) of this option become
large in absolute value as illustrated in Figures 3 and 4.
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up-and-out call option
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Figure 4: gamma of an up-and-out call option v, (¢, z) given by (109) with strike K = 0.95, knock-out barrier
B = 1.05 and maturity 7" = 90/365. We used the interest rates rq = 5%, ry = 0% and volatility ¢ = 10%

3 Exotic barrier options to minimise such difficulties

The risk of loss and the hedging problem of barrier options have been recognized by trading practitioners as
well as academics. There are various ways to limit this risk and this hedging difficulty as for example

Include rebates , see Section 3.1.

Step Options . Modify the knock-out regulation as follows. The final payoff looses its value at a rate
proportional to the total time the stock spends above the barrier. Such barrier options are also called
soft barrier options and are discussed, e.g., in [15] or [20].

Parasian /Parisian Barriers . Modify the knock-out regulation as follows. The final payoff looses its value
only if the stock spends a pre-specified time interval above the barrier in total / in sequence. Such
options are discussed in [6] and [7].

3.1 Rebates

kick-in option . a sum R is paid at expiration by the seller of the option to the holder of the option if the
option failed to kick in during its lifetime.

knock-out option . a sum R is paid by the seller of the option to the holder of the option, if the option
knocks out. There are two kinds of agreements in the knock-out case:

paid at expiration T . the boundary condition of the Black-Scholes differential equation is v(t, B) =
Re—Td(T—t)7

paid at first hitting time . the corresponding boundary condition becomes v(¢, B) = R.
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Including such rebate features makes hedging easier, which could be one of the reasons they were invented.

3.2 Step options

For details here see the work on occupation time derivatives by Vadim Linetzky [20] and Andreas Pechtl [21].

3.3 Parisian options

The development of variants of the classic concept includes the introduction of barriers which are not moni-
tored every day 24 hours/day of the lifetime of the option but rather at some singular points in time like the
work-daily OPTREF-fixing at 13:00.

The impact on the price can be rather dramatic. Consider the product:

e put EUR / call USD 1y
e strike 0.90
e barrier down&out 0.80

e barrier up&out 1.00

with Spot 0.8450, USD rate 6.0%, EUR rate 4.80% and volatility of 14%. We vary the number of fixings
from daily to monthly. Even for a daily fixing for a period of one year the price is 33% higher.

0.65 T

Finite Fixings ~<—
Continuous-timebarrier ---- |

0.6 -

0.55 |-

05

0.45

0.4

0.35 |-

03

Price in USD per 100 EUR Nominal

0.25

0.2

0.15 | B

Ol Il Il Il Il Il Il
0 5 10 15 20 25 30 35
Number of days between fixing

Figure 5: Comparison between a continuously monitored barrier and finitely many fixings

Parasian and Parisian

definition To knock-out the option it is necessary to be knocked out for several fixings, either in total
(parasian) or in sequence (parisian).
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special case: one knock-out day The Parisian barrier option with one knock-out day is the same product
as the barrier option with one fixing per day.

behavior We show the behavior for a varying number of Parisian and Parasian knock-out days. The
behaviour for a few knock-out days is very different, where the Parisian barrier is always more expensive
than the Parasian. For many knock-out days the prices of both products are rather similar.

Price in USD per 100 EUR Nominal

0 5 10 15 20
Number of ko-days for Par(afi)sian Barrieroption

Figure 6: Comparison of option price for a continuously monitored barrier, a Parasian barrier and a Parisian
barrier

common goal: e Lift the option’s value at the barrier
e The holder does not face sudden loss of the entire option contract.

e The seller then has a smaller delta and gamma for the hedge.

our approach: e Don’t change the contract
e constrain the size of the short position allowed for hedging a short option position

e incorporate the cost of this constraint into the price of the option.

4 Applying static hedging to barrier options

Several authors, including [1], [4], and [11], have suggested static hedges for dangerous exotic options. This
means to compose a portfolio of vanilla options with the same payoff as the barrier option. The following
problems occur.

large nominals
liquidity of vanilla options is not guaranteed when closing the position

hard to combine with stochastic volatility
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4.1 Coping with the effects of liquidity
Look at the example of Derman, Ergener and Kani [11].

e 3 month up-and-out call

spot = 1.78, strike = 1.70, barrier = 1.85

domestic rate = 3.29%, foreign rate = 5.72%.
the analytic fair value is 0.0196 (vol = 10.9%).

Figure 7 shows the term structure of volatility.

Figure 8 shows the portfolio of call options for a static hedge. The fair value of all these vanillas is
0.0190, but taking the term structure of volatility into account the value of the hedge is 0.0364, which
is substantially higher and not tradable.

Figure 9 shows the value of the portfolio of call options at the barrier. Ideally we would have a straight
line at zero.

vol structure

11.2%
11.0% -

10.8% -+
06% L
10.4% |

10.2% -

Figure 7: Term structure of volatility, bid and aks

Problems:

e portfolio is too large

nominals of calls are large

most of the call options are low deltas, which can cause a liquidity problem or make the hedge very
expensive

the replication still involves risk of losses at the time of closing the hedging position

biggest drawback: the static hedge changes with changing volatility
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amont type strike expiration times
1.0 call 1.7000 90 06.03.01 Tu
-36.6 call 1.8500 90 06.03.01 Tu
14.9 call 1.8500 89 05.03.01 Mo
5.2 call 1.8500 88 04.03.01 Su
2.8 call 1.8500 87 03.03.01 Sa
1.7 call 1.8500 86 02.03.01 Fr
1.2 cal 1.8500 85 01.03.01 Th
0.8 call 1.8500 84 28.02.01 We
0.7 call 1.8500 83 27.02.01 Tu
0.6 call 1.8500 82 26.02.01 Mo
0.5 call 1.8500 81 25.02.01 Su
1.0 call 1.8500 79 23.02.01 Fr
0.6 call 1.8500 77 21.02.01 We
0.5 call 1.8500 74 18.02.01 Su
0.5 call 1.8500 71 15.02.01 Th
0.5 call 1.8500 67 11.02.01 Su
0.4 call 1.8500 62 06.02.01 Tu
0.4 call 1.8500 58 02.02.01 Fr
0.3 call 1.8500 52 27.01.01 Sa
0.3 call 1.8500 44 19.01.01 Fr
0.3 call 1.8500 36 11.01.01 Th
0.3 call 1.8500 26 01.01.01 Mo
0.2 call 1.8500 11 17.12.00 Su

vol rd
11.00% 3.29%
10.80% 3.29%
11.00% 3.29%
10.99% 3.29%
10.99% 3.29%
10.99% 3.29%
10.99% 3.29%
10.98% 3.29%
10.98% 3.29%
10.98% 3.29%
10.97% 3.29%
10.97% 3.29%
10.96% 3.29%
10.95% 3.29%
10.94% 3.29%
10.93% 3.29%
10.90% 3.29%
10.91% 3.29%
10.92% 3.29%
10.94% 3.29%
10.97% 3.29%
11.00% 3.29%
11.00% 3.29%

Figure 8:

rfvalue perun  total value deltal

5.72% 0.0819 0.0819 0.77]
5.72% 0.0110 -0.4041 021
572% 0.0114 01700 0.21
5.72% 0.0113 0.0586 0.21
572% 0.0111 0.0312 0.2
5.72% 0.0110 0.0187 0.21
5.72% 0.0109 00130 0.21
5.72% 0.0107 0.0086 0.21
5.72% 0.0106 0.0074 0.21
5.72% 0.0104 0.0063 0.20f
5.72% 0.0103 0.0051  0.20f
5.72% 0.0100 0.0100 0.20f
5.72% 0.0097 0.0058 0.20f
5.72% 0.0093 0.0046 0.19]
5.72% 0.0088 0.0044 0.19]
5.72% 0.0082 0.0041 0.18]
5.72% 0.0075 0.0030 0.18]
5.72% 0.0069 0.0028 0.17]
5.72% 0.0060 0.0018 0.16]
5.72% 0.0048 0.0014 0.14]
5.72% 0.0036 0.0011 0.12]
5.72% 0.0021 0.0006 0.09
5.72% 0.0003 0.0001 0.02f

portfolio of call options for a static hedge
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Figure 9: value of the portfolio at the barrier for a static hedge of an up-and-out call using vanilla call options
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4.2 Vega hedging

Besides delta hedging the major uncertainty is the volatility. Vega hedging is important. This can be done
by trading vanillas. Consider the setup

e 3 months up-and-out put

e spot = 0.94, strike = 1.01, barrier = 0.98

e domestic rate = 3.05%, foreign rate = 6.5%, volatility = 11.0%
e theoretical value = 0.0481.

e consider the curve vega depending on spot.

e determine 1 or 2 vanilla options to offset this vega curve

e by changing strike, maturity and nominal

e in the example: sell 0.9 calls with strike 0.9492 and 90 days maturity and buy 0.8 calls with strike
0.9776 and 60 days maturity

Figures 10 and 11 show the corresponding vega curves after 21 days and after 45 days.

Best hedge; after 21 days - 69 days left

0.15

SN

o
2 e p—
> D o QWM OO DD
] S N WO 6 O D
00500 Lo T oo SN oo S v SRR N, V]
C)OOB\OO/OO\—\—\—\—\—\—‘-
0.1
015

—— Barrier - - - -ATM Vega Hedge Vanilla s=—Sum

Figure 10: vega depending on spot of an up-and-out put and a vega hedge consisting of two vanilla options

5 Applying dynamic hedging to barrier options
Dynamic Hedging consists of
e investing delta in the underlying

e offset the vega position with suitable vanilla options

Since delta hedging is impractical, we show alternatives in the next section
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Best hedge; after 45 days - 45 days left
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Figure 11: vega depending on spot of an up-and-out put and a vega hedge consisting of two vanilla options

6 Over-hedging strategies

6.1 Constrained portfolios such as limited leverage
6.1.1 Model formulation and survey of super- replication under leverage constraints
e ) continuous functions from [0, 7] to R taking the value zero at zero,
e P to be Wiener measure,
o W(t,w) =w(t) for all t € [0,T] and all w € Q.
e FW(t): the o-algebra generated by (W (s);0 < s <t).

e The o-algebra F(T) is the P-completion of FW(T), and for 0 < ¢ < T, F(t) is the augmentation of
FWY(t) by the P-null sets of F(T).

e contingent claim whose payoff at expiration date T" is g(S(+)).
e (C.]0,T] denote the space of nonnegative continuous functions on [0, 7.

e We assume that the nonnegative function g: C1[0,T] — [0, 00) is lower semicontinuous. The argument
of g is the path of the stock price process S from date 0 to date T, and because this path is random,
g(S(+)) is a random variable on (Q, F(T),P).

The problem of super-replication of a short position in this option can be posed as follows.
e X(0) > 0: given nonrandom initial wealth,
e choose an (F(t);0 < t < T)-adapted portfolio process (w(t);0 <t <T)

o and cumulative consumption process (C(t);0 <t <T).
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e We interpret 7(t) as the proportion of wealth invested in the stock at time ¢ (sometimes called the
gearing).

e The remaining wealth is invested at interest rate r,
e (C(t) is the amount of wealth consumed up to time ¢.

This leads us to model the differential of wealth as

_ ast) ., | . _
AX(0) = 70X (1) g5+ rX (O = (1) dt — dC (1) (110)

rX(t)dt + on(t)X (t) dW (t) — dC(t).

If X(T) > ¢(S(-)) almost surely (a.s.), we say that (m,C) super-replicates g(S(-)) beginning with initial
wealth X (0).
Next, given some fixed number « € [0, 00), we impose the portfolio constraint

w(t) > —a, 0<t<T, as. (111)

The point of this constraint, in the context of the knock-out call of the previous section, is to avoid short
positions which are too large relative to the value of the contingent claim being hedged. The parameter «
must be chosen by the person pricing the contingent claim; in the case of the knock-out call, we interpret «
in terms of a transaction cost in Section 6.2.12, and this provides a guide to choosing it. If o« = 0, then short
positions in the underlying are prohibited.

The upper hedging price of the contingent claim g(S(-)) is defined to be

v(0,5(0); @) (112)
A . There exist m and C satisfying (111)
= nf {X O] such that X(T) > ¢(S()) as. :

e Cvitani¢ & Karatzas [8] have shown that when R
v(0, 5(0); @) is finite, there exists an X (0), denoted X (0), and corresponding portfolio and consumption
processes T and C' attaining the infimum in (112).

e We denote the corresponding wealth process by )A((t), 0<t<T.
e For 0 <t < T, we define the upper hedging price at time t of the contingent claim g(S(-)) to be X’(t)

e The upper hedging price X (¢) generally exceeds the risk-neutral price E[e (T g(S(-))| F(t)] because
the upper hedging price includes a “reserve” to offset the portfolio constraint. During the evolution of
the process, some part of this reserve might be revealed to be unnecessary. The process C' is included
in the formulation of the upper hedging price so that unnecessary reserve can be removed and thus no
longer included in the upper hedging price.

Theorem 6.1 [Cvitani¢ & Karatzas, El Karoui & Quenez] The upper hedging price of (112) satisfies
v(0,5(0); @) = sup Ey [e_’"T_""\(T)g(S(~))}7 (113)
A
where the supremum is over all adapted, nondecreasing, processes which are Lipschitz continuous in t, uni-

formly in w, and satisfy A\(0) = 0. Here Ey denotes expectation under the probability measures Py whose
Radon-Nikodym derivative with respect to P is

‘f;jexp{l /OTx<t>dw<t> : /0T<X<t>>2dt}. (114)

o 202
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The supremum in (113) over Lipschitz continuous processes is often not attained, and Lipschitz continuity
is not easily relaxed in Theorem 6.1 because of the need to define Py by (114).

Broadie, Cvitani¢ & Soner [5] specialized Theorem 6.1 to the case of a contingent claim whose payoff
at expiration is a function of the final value of a single, geometric Brownian motion. A presentation of the
results of both [8] and [5] in full generality may be found in [19].

Theorem 6.2 (Broadie, Cvitani¢ & Soner)
Let ¢: [0,00) — [0,00) be lower semicontinuous, and suppose the contingent claim g(S(-)) is given by
9(S(+)) = o(S(T)). Define the “face-lifted” payoff function

Palz) £ supe Pp(ze ™), z>0. (115)
A>0

Then the upper hedging price under hedge-portfolio constraint (111) is given by
v(0,5(0); ) = E[e™ " @a(S(T))]. (116)

Schmock, Shreve and Wystup [27] formulated the dual problem in such a way that no change of measure
is required, and they could then extend the class of processes over which the supremum in the dual problem
is computed. Their goal was to extend Theorem 6.2 to path-dependent options. Their main result is that in
place of the “face-lifting” procedure (115), one must solve a singular stochastic control problem. This problem
can sometimes be solved by inspection, and in particular, such a solution is possible for the knock-out call of
the previous section. The solution of the stochastic control problem leads directly to a formula for the upper
hedging price, in the spirit of (116).

The work by Schmock, Shreve and Wystup [27] is more general than [5] in that it allows path-dependent
options, but more special in that the only portfolio constraint considered there is (111), whereas [5] permits
a general convex constraint on . They converted the computation of the supremum on the right-hand side
of (113) to a singular stochastic control problem and proved the following theorem.

Theorem 6.3 (Schmock, Shreve & Wystup) Let g be a nonnegative, lowersemicontinuous function de-
fined on C[0,T). The upper hedging price for the contingent claim with payoff g(S) at expiration date T
and hedge-portfolio constraint (111) is

v(0,5(0); @) = sup ]E[e_”T_O‘)‘(T)g(Se_)‘)], (117)
AeC

where S denotes the solution of (82), namely
S(t) = 5(0)exp(cW(t) +rt — s0%t), 0<t<T (118)
and C is defined by

C 2 {XXis an {F(t);0 <t < T}-adapted,

11
nondecreasing, continuous process with A(0) = 0}. (119)

remarks
e The problem of maximizing ]E[e’”T’O‘A(T)g(Se*)‘)] over all A € C is one of stochastic control.

o It turns out that there is often a sequence {\,,}22, in C with

lim E[e ma?=o*Mg(Se*)] = v(0,5(0); a)

n—oo

and the limit A of the sequence {)\,,}32 is a singularly continuous process; hence the characterization
of the right-hand side of (117) as a singular stochastic control problem.
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e However, the limiting A can fail to obtain the supremum in (117) because g is lower semicontinuous
rather than upper semicontinuous; lower semicontinuity is needed for the proof of Theorem 6.3.

e The difference between Theorems 6.1 and 6.3 is that whereas the former requires a maximization
over changes of measure, the latter allows one to maximize over processes A € C, always computing
expectations using the same operator E. Of course, one can use the Radon-Nikodym derivative dP) /dP
to rewrite the right-hand side of (113) as an expectation under the expectation operator corresponding
to P, but the presence of the Radon-Nikodym derivative in the resulting stochastic control problem
complicates it considerably.

e As shown in examples, the stochastic control problem of (117) can often be solved by inspection.

e For the examples of Section 6.2.11, it is helpful to generalize Theorem 6.3 to right-continuous A with
possible jumps only at fixed dates.

6.2 Application to reverse knock-out barrier options
6.2.1 Constrained in-the-money knock-out call
For the in-the-money knock-out call the function g is
+
g(y) £ (y(T) - K) I{maxongT y(t)<B}, Y € C-‘r[OaT] (120)

We have chosen to write the set {maxo<;<7y(t) < B} with the strict inequality so that g will be lower
semicontinuous. For geometric Brownian motion (118), the probability of reaching a barrier is the same as
the probability of crossing the same barrier, so the contingent claim defined by

* +
g (y) £ (y(T) - K) I{maxogth y(t)<B}» RS C+[07T]7 (121)

has the same upper hedging price.
We consider the problem of maximization of

E[eral=oMD) (5,(T) — K)+I{MA(T)<B}]a (122)
where
Sx(t) 2 St)e D My(t) & Jnax, Sx(u), (123)

and 0 < S(0) < B. The maximization is over processes A € C. To find the maximal value of (122) it is clear
that one should choose the nondecreasing process A so that M (T) is strictly less than B. On the other hand,
one should not have A be any larger than necessary because X appears in both the discount term e~"47—aMT)
and as a discount in the formula for Sy. If g were given by (121), the maximizing A causes reflection of S
at the barrier B, i.e., .
* A
N (t) = Orggéct(log S(u) —logB) ™. (124)

Since g is dominated by g*, we have
v(0,5(0); @) < E[eaT =N (D) (8,.(T) — K) ™. (125)

But with g given by (120), we choose a sequence of barriers {B,,}22 ; converging up to B but always strictly
less than B and then take the sequence of processes {\,}3°; for which )\, causes reflection at B,,. Then
A (T) L X*(T) and Sy, (T) 1 Sx«(T) as n — oo. By the bounded convergence theorem,

v(0,5(0); ) > limsup E[e‘rdT_O‘)‘”(T) (Sx,.(T) — K)+]
n—o0 (126)
— E[efrdea)\*(T) (S)\* (T) _ K)+] '

These considerations have led us to the following corollary of Theorem 6.3.



Uwe Wystup - http://www.mathfinance.de 31

Corollary 6.4 For 0 <t <T and 0 < x < B, define
v*(t, x; @) (127)
2 Rl naT-0-aO =N W) (6, (T) - K) " | Sx-(t) = z].

Let t € [0,T] be given, and assume that S(t) = x. Then the upper hedging price at time t of the in-the-money
knock-out call is
'U(t,ZC;Oé) = U*(t7x;a)I{I<B}7 (128)

and for t € [0,T) the function v*(t,x;«) can be computed explicitly (see Section 6.2.2 for details).
furthermore, we have
av*(t,B;a) + Bvy(t,B;a) = 0, (129)
vy (t, x5 ) + ravi(t, ;o) + %02x2v;w(t, rya) = revt(t T a).

(130)

6.2.2 Analytical Solutions

analytical solutions for

digital options

reverse barrier options

one-touch digital options

To model leverage constraints we will always take
e 71 < « for borrowing constraints
e 7 > —q for short-selling constraints (a > 0)

The first example of digital options is a straightforward application of face-lifting Theorem 6.2 (Broadie, Cvi-
tanié¢ & Soner). Unfortunately, this type of face-lifting does not work for path-dependent options. Therefore,
reverse barrier options and one-touch digital options require separate treatment, which is presented in the
sequel.

6.2.3 Digital Options

Digital options, also called binary options, have the path-independent payoff

9(8) = o(S7) = L{45,>6B} (131)

where B denotes the strike and ¢ is a binary variable taking the values ¢ = +1 for a digital call and ¢ = —1
for a digital put. We impose the natural constraint

v — ¢prv, > 0 (132)
for some a > 0 and compute the constrained value function v(¢, x; @) by the face-lifting method
v(0, So; @) = e " TE[H(S7)). (133)
We obtain

. Sr\ %
@(ST)ZI{¢ST2¢B}+<BT> I psr<¢B) (134)
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and evaluate v(0, Sp; @)

= el / N'(z)dz
{$S0e” VTV~ >4 B}
loYe
S oTz+oVTO_
+ 2 ) N(z)de (135)
{¢Soeaﬁz+aﬁ8_ <¢B} B

Pa

)

where we denote

N In So
de = . P’T+9i, (136)
9, 2 (”;”i;) VT. (137)

We obtain the constrained value function v(¢,z;a) by replacing So by z, and T by T —t = 7. The danger-
supplement can be read off as

¢ 1
h(t,z;a) = e "7 (%) " pa0-oVTHICPTN (g o /T). (138)

6.2.4 Reverse Barriers
6.2.5 The Up-and-Out Call
We will now price an up-and-out call option subject to the short-selling constraint
w(t) > —a Vte[0,T] (139)
for some number o > 0, which can be written as

av(t,z;a) + zvgs(t, ;) >0, 0<t<T, 0<z<B. (140)

relation between the short-selling constraint and the face-lifting equation on an intuitive level

e Given a path-independent payoff ¢(S) = ¢(Sr), we want to compute the face-lifted ¢ as defined in
equation (115).

e To do that, we need to maximize the real function f(v) £ ¢(xe™)e~®" for each value of .

e Denoting y 2 ze™, the first order condition f/(v) = 0 implies
ap(y) +ye'(y) = 0. (141)

e We see that the short-selling constraint is imposed with equality at the final boundary of the region
where v(t, x; @) must satisfy the Black-Scholes differential equation.

e One can check that if v(¢, z) satisfies the Black-Scholes equation, the function av(t, ) + zv;(t, z) also
satisfies the Black-Scholes equation (assuming enough differentiability).

e It is now a consequence of the mazimum-principle that the constraint holds inside this region as well,
but not necessarily with equality.
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e The reason why the short-selling constraint is imposed with equality at the final time is to get the
minimality of the value function.

This intuition leads to the following idea to determine the constrained value function v(t,x;«) of the
up-and-out call option. We impose the short-selling constraint with equality on the boundary of the region
where the option is defined and where the unconstrained value function violates the short-selling constraint,
i.e., instead of solving the partial differential equation setup for v(t, x),

Lv = 0Vtel0,T),z € (0,B), (142)
v(t,z) = 0Vte[0,T],z > B, (143)
v(t,B) = 0Vtel0,T], (144)
v(t,0) = 0Vte]|0,T], (145)
o(T,z) = (v—K) Izepy Vo >0, (146)
where the Black-Scholes differential operator is defined by
1
LvE —rgv+v+ (rg — 75)a0, + 50%2@”, (147)
we seek a function v(t, z; o) satisfying
Lv = 0Vte[0,T),z € (0,B),
(148)
v(t,z;a) = 0Vte[0,T],x > B, (149)
av(t, B;a) + Bu, (¢, B;a) = 0Vt e [0,T], (150)
v(t,0;a) = 0Vte|0,T], (151)
(T, z; a) (x — K)* Itz<py Y2 >0
(152)

and claim that the solution is the upper hedging price of the constrained up-and-out call at time ¢ if S(t) =
r < B.
To see this we first set
M(t) & S(u). 153
(t) = max S(u) (153)

Next we define the value of an auziliary contingent claim by
w(t, z; a) (154)
& E e T0[(14 a)S(T) - aK]Lisrys ) [ariry<py | St = @]
The method for finding auxiliary value functions is to consider the function
av(t, z; ) + xvg(t, T; o). (155)

We would like to define this to be the auxiliary value function w(t, x; ). The problem is that v(¢,z; «) is yet
to be computed, whence we cannot use it to define w(t, z; «). Instead, we use the desired identity

w(t, z; ) = av(t, ;) + 2o, (t, ;5 @) (156)

only to compute terminal and boundary conditions for w and try to identify the auxiliary contingent claim
w. Then we solve for each t the ordinary differential equation (156) to obtain a candidate for v(t, x; a) in
terms of w(t, x; ). Finally we have to verify whether the value function v(¢, z; «) has all the properties we
want.
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Details. Define the first hitting time 7 by
T2 T Ainf{t: S(t) = B} (157)

We list some properties of w(t, x; &) which follow immediately from its definition.
() {eTme D AT, S({tAT); )}, is a martingale, and therefore
(ii) w(t, z; «) satisfies the Black-Scholes partial differential equation for ¢ € [0,T) and = € (0, B).
(iii) w(t,B;a) =0 for t € [0,T].
(iv) 0 <w(t,z;a) < (1+ )z for t € [0,T] and x € [0, B] and thus w(¢,0;«) = 0 for ¢ € [0,T].
(v) w(T,z;0) = [(1 + @)z — aK|Ip> gy I o<y for x € [0, B].
(vi) w(t,z;a) is continuous and nonnegative for (¢,x) € [0,T] x [0, B].
(vii) w(t,z;a) =0 for x > B and ¢ € [0,T).

Now we can define
1 x
u(t, z; o) é/ Y tw(t, wy; o) dy = x*a/ 22 Yw(t, z;a) dz (158)
0 0

and list properties of v(t, z; @) which follow from its definition:

(i) v(t, z; «) satisfies the Black-Scholes partial differential equation for ¢ € [0,T) and = € (0, B).
(i) 0 <wv(t,z;a) <z fort € [0,T] and x € [0, B] and thus v(¢,0;a) = 0 for ¢t € [0, 7.

(iil) zvg(t, x;0) + av(t, z; ) = w(t, x;«) for t € [0,T) and = € (0, B) and therefore by continuity
(iv) Bug(t,B;a) + av(t, B;a) =0 for ¢t € [0,T). We mean by v,(t, B; ) the quantity

lim v(t, B;a) — v(t, B — h; a),
R10 h

because we would like to leave the value of v(t, x; o) unspecified when x > B.
(v) v(T,z;0) = (x — K)* for z € [0, B].
(vi) v(t,B;a) = fol y*~tw(t, By;a) dy for t € [0,T].
(vii) v(t,z;«) is continuous for (¢,z) € [0,T] x [0, B].
(viii) lim,_zv,(t,z) =0 for t € [0,T].
(ix) v(t,z;a) > v(t,x;00) (follows from the maximum principle).
(x) limg— o0 v(t, ;) = v(t, x), as we would expect.

e v(t,z; ) solves the Black-Scholes partial differential equation (148) subject to the boundary condi-
tions (150) and (151) and the terminal condition (152),

e and in addition 7(¢,z) = %

the short-selling constraint during its lifetime.

super-replicates the payoff of an up-and-out call option and satisfies
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We will now demonstrate that the function v(¢,z;a) derived above is the smallest function which super-
replicates the payoff of an up-and-out call and satisfies the Black-Scholes partial differential equation and the
short-selling constraint, which will complete the argument that v(¢, z; «) is the upper hedging price.

To do this, we show that any other function o(¢, x; «), which satisfies

e the Black-Scholes partial differential equation for ¢ € [0,T) and = € (0, B),
o (T, z;a) = v(T,x; ) for x € [0, B,

e and the constraint av(t, z; ) + x0,(t,z;a) > 0 for ¢ € [0,T) and x € [0, B], where we take one-sided
derivatives at the endpoints 0 and B,

cannot be less than v(t,z; «). Since ¥ also satisfies the short-selling constraint at the barrier, but perhaps
not with equality, let
ad(t, B;a) + Big(t,B;a) = g(t), 0 <t < T, (159)

for some nonnegative function g. Then © can be characterized in the same way as v, namely by defining

1
itaia) 2 [y it agiady (160)
0

where

(1) w(t,z; ) satisfies the Black-Scholes partial differential equation for ¢ € [0,T") and « € (0, B),
(i) (T, x;a) = w(T,x;a) for z € [0, B],

(iii) w(t,0; ) = w(t,0;«) =0 for ¢ € [0, 7],

(iv) w(t, B;a) =g(t) > 0= w(t, B;«) for ¢t € [0,T).

As before we conclude that

(i) o(t, z; «) satisfies the Black-Scholes partial differential equation for ¢ € [0,T) and z € (0, B),
(i) o(T,z;) = v(T,z; ) for x € [0, B],

(iii) 9(¢,0; ) = v(t,0;0) = 0 for ¢t € [0, 77,

(iv) av(t,z;a) + 20, (t, z;0) = w(t, x; ) for t € [0,T) and z € [0, B] and hence

(v) ad(t, B;a) + Bo.(t, B;a) = w(t, B;a) = g(t) for t € [0,T).

Since by the maximum principle, @ > w, we can deduce
1
ot z,0) = / Yyt wy; )dy (161)
0

1
> / v lw(t, zy; )dy
0

= vt z; ).

Notice that @ can be viewed as an auxiliary up-and-out option with rebate g(t), whereas w does not have a
rebate. The option with the rebate must be worth at least as much as the option without the rebate. This is
the maximum principle in terms of finance. We conclude that v(¢, z; ) is the upper hedging price for z < B.
For x = B the upper hedging price is clearly zero, because the option is knocked out.



Uwe Wystup - http://www.mathfinance.de 36

constrained up-and-out call option

value

time to
expiration
(days)

1.0709
1.0531

Figure 12: value of a constrained up-and-out call option v (¢, x, ) given by (180) with strike K = 0.95, knock-
out barrier B = 1.05 and maturity 7' = 90/365. We used the interest rates rq = 5%, ry = 0%, volatility
o =10% and a = 50

compute v(t,z; ) explicitly We need w first. By definition, we know that w(¢,z;«) = 0 for > B. To
find w(t,z; ) for x < B, we use the joint density (99) for the random pair of a final time value and the
running maximum of a Brownian motion with drift and compute the expected value as an integral:

w(0, So) (162)

—rqT ox
= e /b /va[(l + a)Spe’” — aK|f(z,y) dydx
= (14+a)SoN(m—04)—N(b-6,)]
+ (14 a)See?™ 0 IN(m+60,) — N(2m —b+6,)]
— aKe " T N(m—60_) = N(b—0_))
— aKe "Ter™m0- IN(m4+60_) = N(2m —b+0_)].

Here we abbreviate m = ﬁ log S%, = ﬁ log Sﬁo and 01 = (“=L £ 2)V/T.

Finally, it turns out that the integration of definition (158) needed to find the constrained value function
v can be performed as well, and the result is given in equation (180). See Figure 12 for a graph of v(¢, x; ).
6.2.6 Joint Formulae for all Reverse Barriers
There are four types of reverse barrier options:

1. (¢ = 1,7 =1): the down-and-out call,

2. (¢ = 1,7 =—1): the up-and-out call,



Uwe Wystup - http://www.mathfinance.de 37

3. (¢ = —1,m7 =1): the down-and-out put,
4. (¢ = —1,7 = —1): the up-and-out put.

Since their analysis is similar to the up-and-out call, we just list the results covering all four types. The
suiting constraints are 7 > —« for = —1 and © < « for = 1. The auxiliary value function w(t,x; )
satisfying the Black-Scholes partial differential equation, the boundary condition w(t, B;«a) = 0 and the
terminal condition

1. down-and-out call:

w(T,z;a) = [(a = 1)z — aKl{z>(o Kk)vB) (163)
2. up-and-out call:
w(T,z;a) = [(a+ 1)z — aK|l{ k<< (164)
3. down-and-out put:
w(T,z;a) = [aK — (a — I)I]I{quK} (165)
4. up-and-out put:
’LU(T,SC; a) = [aK - (Ol + l)x}l{wg(%ﬂK)AB}- (166)

The solution is w(t, z; @)
= (a e | 2N (ol = 0.) + aN (o~ 0.)
b o= a7 [N o +0,) a0t + 0.)

~ are | E2IN olm — 6.) + y (o - )

_ aKeTaTemo- V LN (Bm+00)) — oN (601 + 9))} : (167)
where
T = T— t, (168)
1 B
m = 0\/,7_ In ($> s (169)
7= (%) if ¢y = —1
o o\/T T o
b= { U}ﬁ In (%) if pn = +1 } (170)
I = 2m—b. (171)

The constrained value function v(t, z; «) is defined by

1
o(t,zia) £ / v tw(t, zy " a) dy, (172)
0

satisfies the relation
w(t, z; ) = av(t, ;o) — nrvg(t, ;) (173)

and the terminal condition
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1. down-and-out call:

K = =
a—1
r— K ifr>K'VB
o(T,z;0) = (K'-K)(&)" fB<z <K'
0 ifx < B
2. up-and-out call:
v(T,z;a) = [z — K| I,<py
3. down-and-out put:
o(T,z;0) = [K — 2] 1z 5y
4. up-and-out put:
K = =
a+1
K—=x ifr <K'AB
W(T,za) = { (K-K') (%) ifK' <z<B
0 ifx>B

and can be summarized as (s = (1 —na)o\/7, §= —nac/7)
v(t,x;a) = xe T [(b;nj\/(—n(m —0,)) + 77/\/(—77(5 —0.))+ e§57(s—29+)

{(ﬁ;nesmN (—n(=m+ 604 — ) + ne** N (=n(=b+ 64 — 3))}

e iTImes S V’ SN (=n(m +01)) = 6N (60 +0,)) + B 707200
S — 26+ 2

{¢ ; 1 o(s=20+)m pr (=n(=m+ 04 — ) + e 20N (—p(=1 + 04 — s))}
e | LN i 02)) 4 0 (o = 0.)) + 3T

{¢2‘”e§7w (=n(=m +6_ = 3)) + e N (=n(=b+6_ — 5))}]

_KeTaT g2mf- : _5297 |:¢) ; UN(in(m + 9_)) — N (¢(l + 0_)) + 6%57’(57207)

{(Jﬁgne(g%_)mN—(_n(_m +O_—3)+ ne(é—ze_)lN(_n(—l +6_ — 5))” i

38

(174)

(175)

(176)

(177)

(178)

(179)

(180)

Notice that in the second and in the fourth summand the denominator s — 26 or § — 26_ could be zero for

2(rg— 2(rg—
o = 2 2Tf) or (v — (TdQTf)
g ag

— 1 respectively. However, these are both removable discontinuities, and in fact

one can apply I’'Hopital’s rule to find the correct equation for these two points. We do not state the explicit
result here, because it is not more illuminating than the above formula. Since a minor change in « can avoid

hitting the two removable discontinuities, this does not cause any problems in practice.
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6.2.7 Comparative Statics

We use the already known auxiliary claim w and obtain

vy = fﬁ(w —av) (181)

T

n
Vpy = 7?[1’11)@ + (an — Dw + a(1 — an)v] (182)

o2
v = —ngawg + fw+ (rg — aB)v, (183)
where we denote )
o

I} £ —77[?(1 —na) + r§— rd)- (184)

The sensitivity theta is most easily obtained via the Black-Scholes partial differential equation. The
leverage is given by n(a — %). See Figures 13 and 14 for delta and gamma of the constrained value function
of an up-and-out call option.

The sensitivity delta of the auxiliary value function w(t, x; ) can be derived as

w00 = (o= 7" | 2N = 02)) 4 0N (00~ 6.)

2o [¢¢’2’7N’<m 0.+ N(b—6,)

o= npemtee (1= 22) |22 6tm +6.)) — G (600 + )
(a _ 77)62m9+e—TfT
e
aKe T
NG

_QO(H_KefrdTSQmO_

_ [d);nj\/(d)(m+0_)) — N (B4 6))

+

[—¢>¢ ; TN (m+0,) + N'(1+064)

{_¢¢ ; DN (m—0_) + N (b—6_)

xro

aKe—'r'dTeQmG, ¢_77 , ,
- Py [—qs 5 N(m+0_)+N'(1+0-)]|,

(185)

where 7, m, b, I, 61 are defined in equations (168), (169), (170), (171) and (109).
These and other formulae are listed in the section “Dangerous Digitals” at http://www.mathfinance.de,
and an online calculator there computes leverage constrained prices of reverse barrier options.

6.2.8 One-Touch Digitals

Given a hit-level or barrier B, there are two kinds of one-touch digital options, also called American digitals
or hit options. In the first (second) kind the holder of the option receives an amount R, if the underlying
hits the barrier B during the life time of the option from below (above). We define the binary variables 7
and w to be

1. n = —1, if B is hit from below,
2. n = +1, if B is hit from above,
3. w=1,if R is paid at expiration time T,

4. w =0, if R is paid the first time the underlying hits B.
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constrained up-and-out call option

time to
expiration spot
(days)

Figure 13: delta of a constrained up-and-out call option v(t, z, a) given by (181) with strike K = 0.95, knock-
out barrier B = 1.05 and maturity 7' = 90/365. We used the interest rates rq = 5%, ry = 0%, volatility
o =10% and a = 50

In the case n = —1 we would want to impose the leverage constraint 7 < « and in the case n = +1
we impose m > —a« for some real number o > 0 and then find the upper hedging price. As before let
us denote by v(t,x) the unconstrained value of the option at time ¢ when the stock price is « and by
v(t, ;) the corresponding constrained value function. Since raising the option value at the boundary,
where v(t, B) = Rexp(—w(T — t)), would make the hedging problem worse, our only chance is to keep the
boundary condition v(¢, B;«) = Rexp(—w(T —t)) as it is and increase the terminal condition v(7,z) =0 in
a minimal way such that —mym < a holds. This problem has already been solved for the path-independent
digital options.

‘We must choose
B\"™
v(T,z;a) = R (x) , nx>nB. (186)

To solve for v(t, x; ), we observe that it can be decomposed into the sum of the original hit option v(¢,x)
plus a supplemental power barrier option h(t,z; ) defined by

1. the boundary condition h(t, B; ) = 0,
2. the terminal condition (T, z;a) = R (g)na , nr>nB,
3. —rgh+hy+ (rq —ry)zhy + %JZmth =0.

We present the detailed solution for the case n = —1 following the standard procedure to compute barrier
option values. We use the joint probability density function f(z,y) as in equation (99) and compute the
present value of the payoff random variable

S\
R(B) I{SupogugTSu<B} (187)
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constrained up-and-out call option

gamma

time to
expiration
(days)

Figure 14: gamma of a constrained up-and-out call option v(¢,z,«) given by (182) with strike K = 0.95,
knock-out barrier B = 1.05 and maturity 7' = 90/365. We used the interest rates rq = 5%, ry = 0%,
volatility ¢ = 10% and « = 50

as

r St
E |: dTR ( B > I{sup0<“<TSu<B}:| (188)

7TdT
= Re / / (S0e”®)* f(z,y) dy dx
=—00 ovz

- Re(—m+§a202)T+aa\F9,
{efmaaﬁ./\/' (m —aoVT — 09_)
emeoVT+2mo- \s (—m —aoVT — 9_>} ,

where we abbreviate m £ ﬁ log S%. A similar computation can be done for the case n = +1.
We summarize.

Theorem 6.5 The supplement for one-touch digitals is given by

h(t,z; @) (189)
_ Re(—rd-l—%a?az)r—naaﬁQ,

{enaaﬁm./\/’ (’I]Cl,) _ e*naaﬁm+2m0,j\/ (ﬁd+)} ,

1 B
m = U—ﬁln (x) and dx = +m — (0_ — nao/7).
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Let us note that for @« = 0 this formula simplifies to the rebate portion of a knock-in barrier option as
presented, e.g., in [24].

6.2.9 Numerical Solutions

6.2.10 Range Binaries

For many option payoffs it is difficult or impossible to compute constrained value functions analytically. If the
boundary conditions are known, we can still compute the constrained value function using a finite difference
grid. As an example we present the commonly traded range binary option whose payoff is

I{minogtgq« S¢>Limaxg<i<t St <U} (190)

for some lower barrier L > 0 and upper barrier U > L. If we impose the leverage constraint 7(t) € [—ay, o]
for a given pair of nonnegative numbers @ £ (ay,ar), then we must solve the partial differential equation
defined by

Lv = 0Vtel0,T),z€ (L,U),
(191)
v(t,x;d) = 0Vtel0,T],z ¢ [L,UJ,
(192)
arv(t,L;@) — Lug(t,L;@) = 0Vte[0,T], (193)
apv(t,U; @) + Uv, (8, U;&) = 0Vee[0,T], (194)
o(T,z;d) = 1Vxe (L,U). (195)
make this problem homogeneous by the change of variables y = Inz. The function u(t,y) = v(t, z; @)

is then uniquely determined by

—rdu+ut+uuy+%02uyy = 0Vte[0,T7),y€ (InL,Inl),
(196)

u(t,y) = 0Vte€[0,T],y ¢ [InL,InU],
(197)
apu(t,InL) —u,(t,InL) = 0Vtel0,T], (198)
apu(t,1nU) + u,(t,InU) = 0Vt e [0,T], (199)
uw(T,y) = 1Vye (InL,In0), (200)

. A
where we abbreviate p = rqg —ry — %02.

discretize the rectangle [In L, ln U] x [0, T] into a uniformly spaced mesh with M + 2 nodes along the ¢ axis
and N + 2 nodes along the y axis:

Yi = y0+iAy:1nL+i%, =0,....,N+1,
(201)
: . T }
t; = jAt:jm, j=0,...,M+1. (202)

This way the boundary conditions can be captured exactly, but the initial stock value is most likely
not a point in the mesh. To find the time zero value of the range binary option we must interpolate
between the two neighboring mesh points of the initial stock price.
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difference approximations of the partial derivatives of u. We abbreviate u; ; 2 u(y;, t;) and approximate

Q

Uj inq — U s
4,J+ 1,] , (203)
Ay
- Wit1,j — Ui-1,
wyity) = (1- €)=
y
Uit1,54+1 — Ui—1,5+1
+06 9A ,
Yy
Uit1,j — 2Uij + Ui-1,j
2
Ay
@Uitlitl ~ 2u; jp1 + U1 j+1
+ A2 ,
y

ue (i tj)

(204)

uyy(yis ;) ~ (1-0)

(205)
where the parameter © € [0, 1] denotes the degree of explicitness.

Common values are e © =1 for the fully explicit finite-difference method,
e O = 0 for the fully implicit finite-difference method,

e O = % for the Crank-Nicholson scheme.

finite difference approximations of (196) yield for each j = 0,... M the N linear equations
1 2
ui-1,j(=5a(l = ©)(0” — Ayp))
1
i g (L4 ralds + a(l = ©)0%) + uiy,j(—5a(1 = ©)(0” + Ayp))
1
= Uz‘—l,j+1(§a@(02 — Ayp))

1
i g1(1 = a00%) + uipr 41 (5a0(0% + Ayp)),
i=1,...N.

(206)

boundary conditions translate into two more equations

(Ayar + (1 =0))ug; — (1 — O)uy,;

= —O(u1j41 — g +1), (207)
(Ayay + (1= 0))unt1,; — (1 — O)un,;

= —O(un+1j+1 — uN,j+1)- (208)

We obtain for each j a tridiagonal system of N 42 linear equations in the unknowns v; j,7 =0,..., N+1,
which can be solved efficiently using an algorithm, e.g., from [22].

6.2.11 Examples

In this section, we give examples of options whose upper hedging prices can be computed using either
Theorem 6.3 or 6.2. In both these theorems, the path-dependent payoff function g is assumed to be lower
semicontinuous. Some option contracts are written with upper-semicontinuous payoffs. However, one can
usually trivially modify an upper-semicontinuous payoff to obtain a lower-semicontinuous payoff, and then our
theorems apply. Our first example highlights the danger of applying them naively to upper-semicontinuous
payoffs.
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Example 6.6 (Cactus option) Consider an option whose payoff at expiration date T is 1 if and only if
S(T) = K, where K is a fixed positive number. Otherwise, the payoff is zero. The payoff can be written as
©(S(T)), where p(x) £ I {z=K} 18 upper semicontinuous rather than lower semicontinuous. If we ignore this
fact and attempt to use Theorem 6.2 to compute the upper hedging price, we would first determine

~ o _ K\“
Pal(z) 2 supe A(p(xe )‘) = () Iip>ky, 20,
A>0 x

—rqT >

and then compute E[e PalS (T))} This last quantity is strictly positive. However, the option is clearly
worth zero, since there is zero probability that S(T") = K. To correctly compute the upper hedging price,
one should replace the given ¢ by its lower-semicontinuous envelope ¢, = 0.

Example 6.7 (Discrete barrier option) The in-the-money knock-out call was discussed in considerable
detail in Section 6.2.1. Here we modify the payoff by assuming the option can only knock out at discrete
check times 0 < t; <ty < --- <ty <T,ie.,

1
9(5()) = (S(7) = K) " [ Iesceo <y

The controlled version of the payoff function ¢ is of the form

I
9.8, 0) = (ST — K) " ] Iseyerco <y
=1

The supremum over all controls is approached by processes A which are constant between the check times,
and jump at the check times “just enough” to prevent knock-out. More precisely, let {B,,}22 ; be converging
up to B. For each n, define

An(t) 2 {;_Ttlaé}(log S(t;) —logB,)", 0<t<T. (209)

Then S(ti)e_)‘”(ti) < B, for each i € {1,...,I}, and A, is the smallest process in R which forces these
inequalities. We obtain for the upper hedging price

0(0,5(0);) = lim E[e 7= M) (5(T)e (D) _ K)¥]

—FE [e—rdT—a)\*(T) (S(T)e—)\*(T) _ K)+] 7
where A\* is given by (209) with B in place of B,,. This may be rewritten as

v(0,.5(0); @)

= ¢ TE Kl A @ig] Sﬁﬁ)a <S(T) (1 A 12121 Sf;) - K)+ ]

The computation has been reduced to a finite-dimensional Gaussian integration. If the barrier depends on
time, we need only to replace the ratios B/S(t;) by B(t;)/S(t;) in the last formula.

Example 6.8 (Vanilla put) The payoff of the vanilla put is g(S(:)) = p(S(T)), where p(z) = (K —z)*
and K is a positive constant. According to and Theorem 6.2, the upper hedging price is

v(O,S(O);a) _ fggE[e_”T_aMT) (K . S(T)e—/\(T))-i-]’

(210)
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where we take I = 1 and ¢; = T in the definition of R, meaning that the processes are continuous except
for a possible jump at time 7. Theorem 6.2 applies, and asserts that v(0,S(0); @) = e T E[@o(S(T); K)],
where the face-lift is given by

+

Palr; K) 2 supe (K — xe”‘) (211)
A>0
K—=x o<z < %,
= K (_aK \% akK
m((l+a)x) if v > I+a-

On the other hand, in the case « > 0, maximizing the integrand in (210) for every value of S(T') shows that
a process A € R is a maximizer if

T
ANT) = (log S(T) — log lafo) .

6.2.12 Interpretation as transaction cost

delta-hedging strategy to hedge a short position, the trader will hold v, (¢, z) shares of stock at time ¢ if
the stock price is z.

upon knock-out left with a position v, (¢, B) in the stock valued at |Bv,(t, B)]|.
covering the short position requires — (14 1) Bu,(t, B) (Suppose v, (t, B) is negative)
hedging portfolio value is v(t, B)

wealth invested in stock is Buv,(t, B)

wealth invested in the money market is v(t, B) — Bv,(t, B).

The money market position is exactly what is needed to cover the short stock position, taking the trans-
action cost into account, if and only if the equation v(t, B) — Bu,(t, B) = —(1 + 1)Bu,(t, B) holds.
This is equivalent to av(t, B) + Bvg(t,B) = 0 for 0 < ¢ < T, which is condition (129) satisfied by
v*(t, z; ).

6.2.13 Interpretation as moving the barrier

A common practical method for dealing with up-and-out call options which knock out in the money is to price
and hedge the option as if the barrier were at some level B’ strictly greater than the contractual barrier B.
The resulting pricing function is continuous on [0, 7] x (0, B'], satisfies the Black-Scholes partial differential
equation on [0,T) x (0, B'], is zero at the barrier B’, and agrees with the call payoff (z— K)™ at the expiration
time T'. Our function v* (¢, z; «) is strictly positive at & = B. For a > 0 we may extrapolate it linearly above
this point so that it is continuously differentiable by the formula

v*(t, B;a) + (x — B)vi(t,B;a), x> B. (212)

Because of (129), this linear extrapolation takes the value zero at x = (1 + é) B, independently of t. Conse-

quently, v*(¢, z; &) may be regarded as an approximation to the option price obtained by moving the barrier
to B’ = (1+ 1) B. See Figure 15.
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Moving the barrier
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Figure 15: Upper hedging prices v*(0,.5(0), ) of the in-the-money knock-out calls from Figure 12. Prices are
extrapolated linearly and continuously differentiable beyond the barrier B = 1.05 using (212). Note that the
delta at the barrier is bounded below by —a(B — K)/B. The dashed curves show the prices calculated via
(109) without portfolio constraint (111) but a barrier moved to B’ = B(1 + 1/a) = 1.071. For applications,
only the prices for S(0) < B = 1.05 are relevant.
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